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Abstract—This report outlines a theoretical solution for the estimation of rainflow range density functions
using statistics computed directly from power spectral density data. The rainflow range mechanism is
broken down into a set of events which can be analyzed using Markov process theory. The dependence
between extremes in this instance is modelled using an approximation of the joint distribution of peaks
and troughs first proposed by Kowalewski.

NOMENCLATURE

dh = interval width used to discretise the stress range
f¥ =long run transiticn probability
[f;=absorption probability in state / from originating level j
Ps,, (fr} = rainflow range probability density function
h = stress range
Py = transition probability of going from state 7 to state k
P = transition probability matrix
p(ip) = probability of a peak being at level ip
PSD = power spectral density function
tp = twice the mean signal value
¥{t)=signal as a function of time
¥, ¥;, ¥;=events as described in Section 3

1. INTRODUCTION

Since the rainflow cycle counting method was introduced 20 years ago it has become widely
accepted as the best method of estimating the fatigue damage caused by randomly fluctuating
loading conditions. A fatigue damage calculation which uses rainflow ranges can be thought of as
giving a result for damage somewhere between an upper and lower bound. An upper bound on
damage can be obtained by using the “narrow band” assumption. This pairs each peak in the signal
with a trough of equal but opposite magnitude. Because of the nonlinear nature of the fatigue
damage mechanism, this will give a higher estimate of the damage than the lower bound approach
of counting cycles between adjacent peaks and troughs. Rainflow cycle counting identifies trends
in the signal which cause high fatigue damage. This is highlighted in Fig. 1.
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In its original form it proved to be a reasonably efficient and simple exercise to write computer
code to carry out the desired rainflow cycle count. However, in this form, the rainflow cycle
counting definition required the whole time signal before the count could start. Furthermore, there
was no way of obtaining the desired rainflow cycle distribution when the loading was specified in
the frequency domain. In 1985, Dirlik[1] provided a solution to the latter based on computer
modelling, aithough there was still a need for a theoretically based solution to the problem.

This paper first provides a method of breaking down the rainflow range mechanism into logical
steps which can be analysed using Markov process theory. Then, using a theoretically based
relationship to define the dependence between peaks and troughs, the problem of obtaining the
rainflow range density function from power spectral density (PSD) data is solved.

Finally, the results are compared with actual rainflow counts on vatious “real” signals, being
the signals used to obtain the PSDs,

Throughout the paper it is assumed that the load is a stationary, ergodic, stochastic process and
that when the peak and trough values are discretised they form a Markov chain. Furthermore, in
order to evaluate the peak trough probability density function matrix in Section 3 the loading is
assumed to be Gaussian. If the peak trough matrix is already available, the Gaussian assumption
is not necessary.

2. HISTORICAL BACKGROUND TO THE THEORY OF THE ESTIMATION OF
RAINFLOW RANGES FROM POWER SPECTRAL DENSITY DATA

Matsuishi and Endof2] first proposed the rainflow cycle counting method in 1968. Since then
it has become widely used for estimating the fatigue damage of materials subjected to random

time signal
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A rainflow range count (no. full cycles).

Fig. 1. The concept of upper and lower bounds on damage compared with that computed using rainflow
i ranges.



Theoretical estimation of “rainflow” range density 313

loadings. It is now generally thought to give the most consistent predictions when compared to
actual fatigue life resulis (1972 [3]). For a full definition of the rainflow cycle method defined in
this way see Ref. [4].

This definition was of no use for frequency domain calculations. The definition of cycles was
set up in terms which were not rigorously mathematical, and to obtain results the whole time signal
was required before applying the method in order to establish the maximum range from the highest
peak to the lowest trough.

Much interest has since been shown in the fatigue damage analysis and possibly, a rainflow range
count, directly from the PSD [5-13]. The most useful contribution recently has been an alternative
definition of the rainflow cycle counting method (1987 [14]). An illustration of this alternative
definition is shown in Fig. 2 (the terminology used is different from that of Rychlik for reasons
given below). The rules for the counting method are applied to each peak in the time signal.
According to this new definition, for a rainflow range to exist the signal must recross the level of
the peak from which it started (current peak) for both the negative and positive time directions.
If we considér the signal to have been sampled with respect to time and set the current peak position
equal to t =0, we have +ve time to the right and —wve time to the left. The current peak is paired
with the lowest point in the signal in each of these directions, to give two ranges. The rainflow range
is then defined as the smaller of these. In order to understand this definition let the smaller of the
above two ranges be called the “creating” cycle and the larger of the two be called the “enabling”
cycle. This terminology is different from that of Rychlik but is valid because, for this definition,
a rainflow range of value £ only exists if the closed cycle which “creates” a range has been
“enabled” by an adjoining closed cycle of some value greater than or equal to 4. Obviously Fig. 2
shows only one of two possible configurations of the enabling and creating cycles. There is an
equally likely possibility where the enabling cycle is to the right. However, by symmetry, in order
to estimate the rainflow range density function for a stationary stochastic process one only needs
to address the configuration shown in Fig. 2. It is useful to consider this load function in terms
of four events. If we think of the signal travelling forwards and backwards from the current peak.

Event I takes the signal forwards (4wve time) from point 1 to point 2 a distance h
below it.

Event 2 takes the signal forwards from point 2 to point 3, some level at or above
point 1 thus closing the rainflow range “creating” cycle.

Event 3 takes the signal backwards (—ve time) from point 1 to point 4, some level at
or below point 2,

Event 4 takes the signal backwards from point 4 to point 5, some level at or above
point 1, thus closing the “enabling™ cycle.

However, for stationary ergodic loads, when considering the long term distribution of the signal,
event 4 of Rychlik’s definition is redundant, because if the signal comes from below the level of
point 2 (part of event 3) there is a probability of one that it originally came from a level above
point 1 priot to this (given that it could go to any level below point 2 during this process). It is
interesting to note that the definition of a rainflow cycie after event 4 of Rychlik’s definition has
been removed is consistent with the D-I (decrease-increase) test used as part of the Pattern
Classification Procedure [15].

Further papers by Lindgren and Rychlik[16-18] addressed the problem of obtaining the
distribution of rainflow ranges using the original Rychlik definition.
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3. A NEW THEORETICAL SOLUTION FOR THE DENSITY FUNCTION
OF RAINFLOW RANGES

Using events 1 to 3 of Section 2 we can use the following definition for evaluating the rainflow
range density function directly from the PSD. In this section it is assumed that the load function
is discretised and discretised peaks and troughs form a Markov process.

For a rainflow range value 4 to be defined from a particular peak the following events must
happen (see Fig. 3).

() Y, The signal must have come from a level at least 4 below the level of point 1
without at any time going above the level of point 1 (with any number of extreme
points inbetween). This event “enables” the rainflow range cycle “created” by
events ¥, and ¥, below.

(i) Y, The signal must then go from the level of point 1 to some level a distance
. below without at any time between going back to the level of point 1 or below
the level of point 2 (with any number of extreme points inbetween).

(iii) ¥, The signal must then go from the level of point 2 to some level at or above
_ point ] without at any time going back to the level of point 2 (with any number

of extreme points inbetween). This is a minor approximation because for this leg

of the definition to be rigorously correct, the signal should be allowed to travel

Point 5.

point 2.
lowest trough of rainflow
range ‘creating’ cycle

point 4,
lowest trough of rainflow
range ‘enabling’ cycle

I -

(-ve) «  fime — (+ve)

Fig. 2. Rychlik’s definition of a rainflow range cycle.
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Fig. 3. Illustration of events ¥,, ¥,, ¥, of Section 3.

back to, but not below, the level of point 2. The approximation was used because
it allows considerable simplification of the problem later and appears to have no
discernible effect on the results.

Because (for the types of processes considered in this report) Y|, ¥, and Y, can be considered
as conditionally independent events, we can find the rainflow range density function by finding the
probability of these three events occurring together.

If the probability of being at a particular peak is defined as p(ip) and a rainflow range of value
ke =ip —kp is defined as Sgg (), where ip and kp are the levels at points 1 and 2 respectively, we
get an expression for the probability density function of a rainflow range value 4 for any peak value
by summing over all values of ip: '

ip= o0
pu B =g S Vipvip = A x Yalinip = )+ ¥ilipip — ) #pli) 0

p=h+
for i =1 to ip — 1, where Y,(ip, ip — k) is the conditional probability of event Y|, given a peak
with height ip, Y,(ip, ip — h) is the conditional probability of event ¥,, given a peak with height
ip, and Y;(ip, ip — k) is the conditional probability of event Y, given a trough with height ip — A&,
dh represents the interval width used to divide the total signal stress range. The value 2.0 comes
from the fact that for a full set of events, rainflow ranges occurting with the enabling leg (event
Y,) on the right hand side need to be considered. In other words, for every configuration of Y,,
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Y,, and Y; being considered, there is an equally likely configuration of the signal which is a
reflection of the signal about ¢ =0.

Therefore the problem of obtaining a theoretical derivation to the rainflow range problem has
become one of obtaining Y (ip, ip — &), ¥, (ip, ip — k), ¥;(ip, ip — k) and p(ip). Two areas of theory
will be required for this. A suitable method is required to model the dependence between adjacent
extremes, then a theory is required to extend this to model the dependence between extremes which
are not adjacent.

Firstly, adjacent extremes will be discussed. In 1976 as part of a common research project
between IABG and LBF in Germany, a standard random load sequence was recommended [19]
which came from an approximate expression developed by Kowalewski in 1963 [20]. It is valid only
for stationary Gaussian signals and is expressed in terms of the zeroth, second and fourth moments
of the PSD about the zero frequency axis.

Oy — 0 1 —1 2 2 "
P = — 2
mln,max(ai':‘xZ) [4}710’))2] [(2nm0(1 _,y2))1/2:| eXp{Smnj}’"(l *)}2) [a”l +tx2+2&1062(2’}? 1)] ( )

where «, is the trough level, «, is the peak level, m, is the nth moment of the PSD function and
the irregularity factor y = m, /(m{*ml*).

The expression is approximate because, strongly tied up with the problem of obtaining this
distribution is the one of obtaining the distribution of times between zero crossings. Untit this
problem is solved, a complete theoretical solution for the joint distribution of peaks and troughs
will not exist. A modified version of Kowalewski’s expression already exists [21] which gives
improved results. This expression, however, is based on an empirical distribution for ordinary
ranges (ordinary ranges are defined as the ranges joining adjacent peaks and troughs). Therefore,
for the purposes of the work in this report Kowalewski’s original expression was used. An example
of this distribution is given in Fig. 4(a).

Having obtained an expression which models the dependence between a peak and the next
trough, we now require a theory to describe the dependence between extremes which are not
adjacent. The application of Markov process theory appears to be the best way to solve this
problem because it enables the probabilities of multiple transitions to be calculated once the single
event probabilities are known. It is possible to construct a matrix model representing Fig. 3,
including all the necessary absorbing states, which can be used to obtain the necessary probabilities
of ¥, ¥, and Y, ever happening. This process is described in Section 5. The fundamental
assumption inherent in this technigue, which appears to be reasonable for many engineering
situations, is that past events have no influence on future events. The next section gives a brief
summary of the theory of Markov chains.

4. MARKOV CHAINS

A Markov chain is a special type of Markov process, which is itself a special type of
stochastic process (see Refs [22, 23] for a detailed description of the subject). A Markov process
is calted a chain if the set of values the process can take are countably finite or discrete. A chain
X, satisfies the Markov property if for every & and all possible states i, i, ..., i, the following
is true

P[Xn= ianrr—l = l.n—I7Xn—2:in—2: A !Xl = Il] =P[Xn=in|Xn—] = !‘n—i]' (3)
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If we know that the chain is at state / at time n — 1, we wish to know the probability that it
will be at state k at time »

Py=PX,=k|X, ,=i] @

This is the transition probability of the process going from state / to state k&, and it is independent
of where the signal was before the process was at state i. If there are n possible states, than an
n by n transition matrix exists denoted by P. To find the probability of going from state to state
in » steps one needs simply to find the n, power of this matrix,

If the configuration of the transition matrix is such that the process can only travel into but not
out of a given state or set of states, those states are defined as closed. They represent “absorbing”
states because they can only fill up and never empty. A Markov chain is termed “irreducible” if
all the states intercommunicate. Therefore, for the case where absorbing states are present the
transition matrix is termed “reducible”.

If we define the probability of ever going from state i to state k as f%, then state j is called
“persistent” if f¥ =1 and “transient” if Si<l

5. MODELLING THE PROBLEM

The probabilities of ¥}, ¥, and ¥, are required for every position of peak and trough in order
to evaluate the rainflow range density function using equation (1). It will be shown that all the

i
]
1
| absorption state 3
! (entry only states exit only state 5
! "higher than ip ) (exit only state ip,
entries into this state
are included in state 3 )- "

transitioas mnto state 1 without going
into states 2, 3 or 5 or into state 2
without going into state 1,3 or §

absorption state 1
(entry only state &)

absorption state 2
(entry only states
lower than &p )

Fig. 5. The Markov process model used to characterize a rainflow range cycle for a particular peak.
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necessary information required to calculate these can be obtained if we set up a transition matrix
which models the conditions shown in Fig. 5. A description of this model is given below.

State I(level kp). This is an absorption state into which transitions can occur from any
level between ip and ip — &, plus ip itself.

State 2({all levels below kp ). This is also an absorption state into which transitions can
occur from any level between ip and ip — A&, plus ip itself. ‘

State 3(all levels above ip). This is an absorption state into which transitions can occur
from any level between ip and ip — h. Transitions from level ip cannot occur
because a peak given trough transition can only originate from a trough at
some level below it, and a trough at ip can only occur after a trough given peak
transition from above. Such a transition is invalid. State 3 has an unusual
feature. We are interested in the probability of a sct of transitions which
originate from ip and eventually end up in either absorption state 1 or 2

*» without returning to level ip or above. Therefore, entries info level ip have to
be transferred into state 3. This ensures that any transitions via level ip are
prevented from accumulating to the required probability of absorption into
states 1 or 2.

State 4(levels between ip and &p). This is a transient state. Transitions to any level in
this state can only occur from some other level within state 4, with the exception
of level ip, for which the initial trough given peak transition is the only possible
non zero transition probability into state 4 from outside it.

State 5(level ip). As explained above the only non zero tramsition probability out of
this state is the initial trough given peak step. All transitions back into this state
are transferred to state 3 in order to make subsequent transition probabilities
from this state zero. Hence it is an entry only state.

Once a transition matrix has been set up which models the conditions of Fig. 5 an appropriate
method can be used to obtain the condition of the matrix after any number of transitions.
After a sufficient number of transitions state 4 will be completely empty. Transitions will have
accumulated in, and been absorbed by, states 1, 2 and 3. The transitionis into state 3 could have
been cither direct or via state 5. For any fixed levels ip, ip — h let f{ be the “long run” absorption
probability in state 7 from level j. Then if we define tp as twice the mean signal value, we get

Yi=futfi (5
and by vertical symmetry

=1} (6)

Yasfh pentS—ipen (7

where state 1* is now level tp — ip and state 2* is made up of levels below tp — ip.

We therefore need to obtain values for these “long run” probabilities of going into absorption
states 1 and 2 from state ip for each configuration of ip and ip — h. Before this is done we will
consider adjacent extremes.

5.1. The trough given peak and peak given trough transition matrices

These matrices are obtained from Kowalewski’s probability density function for the dependence
between adjacent extremes [equation (2)]. It must be observed that trough given peak probabilities



